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NOTE ON THE INJECTIVITY OF THE LODAY ASSEMBLY MAP
MARK ULLMANN AND XIAOLEI WU
Abstract. We show that for finite groups the Loday assembly map with coefficients in
finite fields is in general not injective.
Given a group G, a ring R, one can consider the following Loday assembly map [5,
Proposition 4.1.1]:
α : H∗(BG, K(R)) −→ K∗(R[G])
In general, the map is far from isomorphism. For example, the nonvanishing of white-
head torsion will imply the assembly is not surjective. But when the group is torsion free
and the ring is regular, it is implied by the Farrell–Jones Conjecture that this is an isomor-
phism, see [4] for definitions, and in particular Corollary 67 for the isomorphism result.
One might ask, would the map be injective for groups with torsion and regular rings, see
for example [6, Question 1.1]. We show this is not the case even if the group is finite and
R is a field.
To construct the counterexample, we need Quillen’s calculation for algebraic K-theory
of finite fields.
Theorem 1 ([7, Theorem 8]). Let Fq be a finite field with q elements, then for n > 0,
Kn(Fq) = 0 when n is even, and Kn(Fq) is a cyclic group of order qi − 1 when n = 2i − 1.
Note that since Fq is a field, Kn(Fq) = 0 when n < 0 and K0(Fq) = Z.
Theorem 2. Let G be a finite group such that H2(G,Z) is nontrivial and F a finite field
with characteristic p which does not divide the order of G, then the assembly map α is
not injective. For example, we can take G = Z/2 × Z/2 and F to be any finite field with
characteristic p > 2.
Proof Since the characteristic of F does not divide the order of G, by Maschke’s theo-
rem, FG is semisimple. Since it is finite, by Artin–Wedderburn’s Theorem, FG is a direct
product of matrix rings over finite fields of characteristic p. Note that for any matrix ring
Mn(E) over a field E, K∗(Mn(E)) = K∗(E). Thus by Theorem 1, we in particular have
Kn(FG) = 0 when n is even and K0(FG) = Zd, where d is the number of components in the
Artin–Wedderburn Theorem for FG. Note also that Kn(FG) = 0 when n < 0.
Now applying Atiyah–Hirzebruch spectral sequence to the left hand side of the assem-
bly map H∗(BG, K(F)), E2p,q = Hp(BG, Kq(F)). (abbreviate H∗(G) := H∗(G,Z))
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q
3 K3(F) ∗ ∗ ∗
2 0 0 0 0
1 K1(F) ∗ ∗ ∗
0 K0(F) H1(G) H2(G) H3(G)
0 1 2 3 p
Note that the assembly map for K0 and K1 is indeed injective and the terms E20,0, E21,0, E20,1
survive [4, Lemma 2]. Thus H2(BG, K0(F)) = H2(G) survives in the spectral sequence. But
since H2(G) , 0 and K2(FG) = 0, the assembly map can not be injective. 
Remark 3. It would be interesting if one could find groups G such that the assembly map
is not injective for the ring Z. However it seems that there is not much calculation known
in these cases.
Remark 4. In general, the Farrell–Jones Conjecture predicts that the assembly map
HGq (EFG, KR) → Kq(R[G])
is an isomorphism for any group G, any ring R and F the family of virtually cyclic sub-
groups of G [4]. There are results that the family can be made smaller, see [1, Section 7]
and [2]. The Transitivity Principle [4, Theorem 65] and the inheritance under subgroups
implies, that if the Farrell–Jones Conjecture holds for a family F , it holds for all families
containing F . There are also injectivity results for smaller families, for example for the
family of finite groups, cf. [3]. Thus one may think, that the relative assembly map to a
larger family always gives an injective map. Our example shows, that this is not true for
the trivial family to the family of all (or finite) subgroups.
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